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Let G be a group.
LetH be a subgroup ofG having finite index inG and satisfying
some group theoretical property.

Is it possible to find a normal subgroup of G having finite index and
satisfying the same properties? Yes, in most cases.

Proposition Let G be a group having a subgroup H of
index n, then H contains a normal subgroup of index at
most n!.
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Let G be a group.
LetH be a subgroup ofG having finite index inG and satisfying
some group theoretical property.

Is it possible to find a characteristic subgroup of G having finite
index and satisfying the same properties?

Definition A subgroupH of a groupG is said characteristic
when α(H) =H for all α ∈ Aut(G).
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How do we use the answers?
• Normality is not a transitive relation in general.
• Characteristicity compensate for the lack of transitivity.

K char H C G =⇒ K C G

• IfA is an abelian subgroup of finite index in an infinite normal
subgroup H of a group G, does G have a normal non-trivial
abelian subgroup?
• Is abelianity F-characteristic?
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1979 – 1972 Abelianity
Let G be a group with an abelian subgroup A of finite
index, thenG contains a characteristic abelian subgroup
of finite index.

Sketch of the proof

1: Achar = 〈Aα1 , . . . ,Aαn〉, where α1, . . . ,αn ∈ Aut(G)
2:

⋂
Aαi 6 Z(Achar)

3: Z(Achar) charG
bound − nn
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2007 Solubility LetG be a group having a soluble subgroup of
finite index and with defect d. ThenG contains a characteristic
soluble subgroup of finite index having defect at most d.

bound 2f
2d−1(log2(n!))

f(x) = x(x+ 1)
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2018 Union
A union of F-characteristic group classes is F-characteristic.

2018 Corollary
The class of groups with a nilpotent commutator subgroup is
F-characteristic.
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– Swan Any torsion-free group containing a free subgroup of
finite index is likewise free
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Question
Is it possible to find a characteristic subgroup of G having finite index and satisfying
the same properties ofH? . . . and maybe even get a bound for the index?
Set n = |G :H|.

2017
The class of periodic quasihamiltonian groups isF-characteri-
stic.

2018
The class of quasihamiltonian groups is F-characteristic.

2018
The class of groups with modular subgroup lattice is F-char-
acteristic.

2018 Intersection
The intersection of two F-characteristic group classes closed by
taking subnormal subgroups is F-characteristic
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tion in it.

• Simple groups are T -groups.
• Finitely generated soluble T -groups are either finite or abelian.
• Soluble T -groups are metabelian.

2018
If G is any soluble T -group, then any subgroup containing the
Fit(G) = CG(G

′) is characteristic inG.
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Definition
A groupG is a T -group if normality is a transitive relation in each
subgroup ofG.
• Locally soluble T -groups are either periodic or abelian.

2018
IfG is a group having a subgroup of finite index which is a periodic
T -group, then it also contains a characteristic subgroup of finite
index which is T -group.
Corollary
The class of soluble T -groups is F-characteristic.
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type 1: non-periodic Fitting subgroup

• they contains an abelian subgroup of finite index
type 2: periodic Fitting subgroup

• the set of all elements of finite order is a subgroup
• the commutator subgroup is divisible

•LetGbe a group containing a subgroupXwhich is a soluble
T -group of type 2. Then X ′ is characteristic inG.

• Let X be a subgroup of finite index of a soluble T -group of
type 2, and let T be its periodic part. Then T ′ is characteristic
inG.

• Let X be a subgroup of finite index of a soluble T -group of
type 2. Then X is also a T -group of type 2 and X ′ =G ′.



Theorem
Let G be a group containing a subgroup X of finite index
which is a soluble T -group of type 2.



Theorem
Let G be a group containing a subgroup X of finite index
which is a soluble T -group of type 2.
• If X has finite torsion-free rank



Theorem
Let G be a group containing a subgroup X of finite index
which is a soluble T -group of type 2.
• If X has finite torsion-free rank or,
• X ′ has finite sectional p-rank for each prime p,



Theorem
Let G be a group containing a subgroup X of finite index
which is a soluble T -group of type 2.
• If X has finite torsion-free rank or,
• X ′ has finite sectional p-rank for each prime p,
then G contains a characteristic subgroup of finite index
which is a soluble T -group of type 2.



Theorem
Let G be a group containing a subgroup X of finite index
which is a soluble T -group of type 2.
• If X has finite torsion-free rank or,
• X ′ has finite sectional p-rank for each prime p,
then G contains a characteristic subgroup of finite index
which is a soluble T -group of type 2.

Corollary
The class of soluble T -groups of finite torsion-free rank is
F-characteristic.



Theorem
Let G be a group containing a subgroup X of finite index
which is a soluble T -group of type 2.
• If X has finite torsion-free rank or,
• X ′ has finite sectional p-rank for each prime p,
then G contains a characteristic subgroup of finite index
which is a soluble T -group of type 2.

Corollary
The class of soluble T -groups of finite torsion-free rank is
F-characteristic.

Example
There exists a metabelian group containing a subgroup of
finite index which is a T -group of type 2 but no characteristic
subgroup of finite index with the T -property.



Thank you all!
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